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This case study shows how a student’s strategies and associated conceptions emerged
and changed over the course of a 6-session tutoring curriculum designed to develop
conceptual knowledge of linear functions. Using microgenetic and sequential analy-
ses, we identify the student’s strategies and conceptions and describe how these
changed. We show how the student did not erase his original conception or replace it
with a conception supported by instruction, but instead refined his initial strategies
and conceptions.
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People with some degree of mathematical sophistication know that changing the
value of b in the form y = mx + b results in a vertical translation; thus changing b dy-
namically means the line is being moved up or down vertically, through the moving
point (0, b) on the y-axis. Human perceptions indicate otherwise, however: Without
traces of vertical movement on the screen, the visible parts of lines of steep slope ap-
pear to move diagonally or horizontally. (Schoenfeld, Smith, & Arcavi, 1993, p. 130)

This article is a case study of how a student who saw a change in b as moving a line
diagonally or horizontally learned to see it as moving a line b units vertically on the
y-axis. However, the student did not erase his original conception or replace it with
a conception supported by instruction. Instead, he refined his horizontal view and
the associated strategy for graphing a line. Under a tutor’s guidance, the student
also developed a new strategy and associated conception and maintained both con-
ceptions concurrently.

The two main conceptions discussed in this study are illustrated in Figure 1.
The infinitely long parallel lines depicted as line segments in Figure 1 may be
viewed as vertical or horizontal translations of each other (as well as translations of
each other in other directions). However, studies of students learning mathematics
(Goldenberg, 1988; Moschkovich, 1992a, 1992b, 1996, 1998, 1999; Schoenfeld et
al., 1993; Stevens, 1991, 1992; Stevens & Hall, 1998) suggest that students tend to
perceive the line segments in Figure 1 as horizontal translations of each other.

Consider this task: Given the graph of the line y = x, find the graph of the line y =
x + 4. One approach is to count four units vertically up from the origin (see Figure
2) to find the y-intercept for the second line and then draw a line parallel to y = x.
We call this strategy vertical counting. One conception associated with this ap-
proach is the following:

Vertical translation conception: Changing b (in the equation y = mx + b) translates the
line vertically.
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FIGURE 1 Parallel lines as vertical and as horizontal translations of each other.



Learners exploring this domain may generate other strategies to accomplish this
task. One such strategy is horizontal counting (see Figure 3):

1. Select a starting point P on the line y = x.
2. Count four units horizontally to the left to point P´.
3. Draw a line through point P´ which is parallel to the line y = x.

If the starting point P is (4, 4), then point P´ is the y-intercept. This strategy is consis-
tent with the following:

Horizontal translation conception: Changing b (in the equation y = mx + b) translates
the graph of the line horizontally.

Both the horizontal translation and vertical translation conceptions may be asso-
ciated with correct strategies. However, strategies associated with vertical transla-
tionappearmorestraightforward ifone focuseson theequationand finds they-axis a
convenient reference.Countinghorizontally (andassumingm isnot0), thegraphsof
y = mx + b and y = mx are b/m units apart. This distance is not so easy to read from the
equations or to see when the equations are graphed, except in the case when m = 1 or
m = –1. Counting vertically however, the distance (b units) between the graphs of y =
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FIGURE 2 Vertical counting along the y-axis.

FIGURE 3 Horizontal counting.



mx + b and y = mx can be read easily from the first equation and seen along the y-axis.
Furthermore, vertical counting generalizes. For an arbitrary function f, the vertical
distancebetween thegraphsofy= f(x)+bandy= f(x) isbunits.Smallwonder that in-
struction is often intended to support vertical counting.

This was the case in our study: The instruction was intended to support vertical
counting, but the student, an eighth grader whom we call Paul, began by viewing
parallel line segments as horizontal or diagonal translations of each other. How
Paul’s horizontal counting strategy evolved and how he came to adopt vertical
counting is the subject of this article.

We begin by describing our theoretical framework and briefly sketching differ-
ent perspectives on conceptual change. Next we describe the participant and the
setting of our study. Two methods were used to analyze the data: sequential analy-
sis and microgenetic analysis. The results of the sequential analysis are followed
by the results of the microgenetic analysis of five episodes that illustrate Paul’s
strategies and describe their evolution. We conclude by offering some implica-
tions for instruction and curriculum design.

THEORETICAL FRAMEWORK

Analyses of learning differ along at least three dimensions: the perspective on the
subject matter, the methods used for data collection and analysis, and the assump-
tions about learning. In this study, we are centrally concerned with conceptual learn-
ing;weconsider theconnectionsamongdifferent representationsof linear functions
rather than the rote learningofalgorithmsorprocedures in thisdomain.Fromthis fo-
cus on conceptual learning in a complex domain arise several distinctions in terms of
the tasks, settings, student responses, and type of learning that we consider in this
study.First,wedistinguishbetweenproblemsandexercises (Schoenfeld,1985).Ex-
ercises in schoolmathematicsoften involvedirectapplicationofproceduresoralgo-
rithms that have already been learned. In contrast, problems necessitate using or de-
veloping new knowledge. We focus on student responses during long-term
interactions involving complex problems connecting equations and graphs, rather
than brief student responses to exercises in computation. Finally, our study focuses
on strategies and conceptions that are stable and robust, and not on ephemeral stu-
dent responses such as guesses or superficial mistakes, for instance the reversal of
digits in a computation. Students show greater commitment to the former (e.g., by
providing explanations), but may change the latter readily when prompted.

In the following sections, we summarize research on student conceptions in
mathematics, and in this domain in particular, as the background for this study. We
also outline the central theoretical issues framing this analysis: strategies, concep-
tions, and the relation between them; student conceptions in the domain of linear
functions; and accounts of conceptual change.
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Strategies and Conceptions

Because the terms strategy and conception have been used interchangeably in
many contexts, we first clarify our use of these terms. The following is a
constructivist definition of student conceptions (Osborne & Wittrock, 1983):
“Children develop ideas about their world, develop meanings for words used in sci-
ence [mathematics], and develop strategies to obtain explanations for how and why
things behave as they do” (p. 491, italics added).

In this view, a conception is an idea that refers to a core notion, has meaning for
the learner, and is related to explanations. Following Smith, diSessa, and
Roschelle (1993), we define a conception as an idea that is stable over time, the re-
sult of a constructive process, connected to other aspects of a student’s knowledge
system, robust when confronted with other conceptions, and widespread (i.e., ap-
pearing in more than one instance or problem solver). A conception is not merely a
response to a question, but is a definite idea.

A strategy is a sequence of actions used to achieve a goal, such as accomplish-
ing a particular task (or collection of tasks) or solving a particular problem (or col-
lection of problems). Horizontal counting and vertical counting as described
earlier are both examples of what we call strategies. For example, the strategy, “To
get the graph of y = x to move right, add a positive number to the right side of the
equation y = x,” is a sequence of actions to achieve a goal. Although strategies, like
conceptions, may become robust and stable over time, we assume that strategies
can also be transitory and invoked only to solve a particular task.

In contrast, a conception is a general idea that is stable, widespread, and robust,
rather than a sequence of actions to achieve a particular goal while solving a particu-
lar problem or category of problems. For instance, a conception documented in the
domain of linear functions (Moschkovich, 1996, 1998, 1999) is the following idea
connecting lines and equations: Adding a number to the right side of the equation y =
x will always translate the line y = x horizontally (to the right or to the left). Such a
conceptionmightdevelopafterconnectingspecific instancesofastrategyandmight
come to include the distinction between what happens when the number is positive
or negative. This conception may or may not be connected to another conception:
Adding a number to the right side of y = x will always translate the line y = x vertically
(up or down). Both conceptions are in fact correct; adding a nonzero number to the
right side of y = x yields an equation with a graph that is a horizontal or vertical trans-
lation of the original line. The two conceptions are simply different general ideas or
perspectives on the same situation. In contrast to a strategy, a conception is more like
a general point of view than a sequence of steps to accomplish something. Also in
contrast to a strategy, a conception need not include a goal.

Many studies have focused on either strategies or conceptions without explicat-
ing the relation between them. Studies in the information-processing tradition
have mainly analyzed written student work, devoting little or no time to other
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types of data (Confrey, 1990; see, e.g., Ploetzner & VanLehn, 1997). On the other
hand, studies that focus on conceptions (e.g., studies of teachers’ conceptions
[Thompson, 1992] or students’ conceptual change [Smith et al., 1993]) have ana-
lyzed mainly interview data and only sometimes include both written and inter-
view data (Moschkovich, 1996, 1998, 1999). The relation between these two
methodologies and these two phenomena might suggest that conceptions are what
can be inferred from oral interviews, and strategies are what can be inferred from
written work. A corollary of this view is that conceptions are “in the head” and thus
only inferred entities, whereas strategies (procedures, systematic errors, etc.) are
behavioral. However, not all the actions that compose a strategy are necessarily
behaviors. Some aspects of a strategy may occur mentally, as in, for example,
mental arithmetic.

In contrast to the preceding corollary, we assume that conceptions have behav-
ioral entailments and strategies have conceptual entailments. However, we do not
assume that there is a one-to-one correspondence between strategies and concep-
tions, or that the relation between them is unidirectional. For example, a student
might learnanalgorithmbyroteandlaterdevelopaconceptualunderstandingof it.

Strategies and conceptions are related: A conception is a set of connected and
coherent ideas associated with a specific strategy or with several related strategies.
In our analysis, we trace the development of strategies and associated conceptions.
We describe the strategies a student used and the conceptions associated with a
strategy (or a set of related strategies). We also assume that strategies and concep-
tions are cued by, afforded by, and generated in particular task and social contexts.
Consequently, we include descriptions of these contexts in our accounts. Rather
than judging whether a strategy is right or wrong or a conception is appropriate or
not, we consider their contexts of applicability (Smith et al., 1993). Strategies and
conceptions may be correct in some contexts and not in others. For instance, the
conception that multiplication makes bigger is applicable if the numbers under
consideration are greater than 1, but not applicable if one of the numbers is be-
tween 0 and 1.

Student Conceptions in the Domain of Linear Functions

Research in mathematics learning has provided detailed accounts of student errors,
conceptions, and misconceptions in algebra (Clement, 1980, 1982; Matz, 1982),
graphs (Bell & Janvier, 1981), and functions (Herscovics, 1989; see Leinhardt,
Zaslavsky, & Stein, 1990, for a review; Moschkovich, 1992a, 1992b; Moschkovich,
Schoenfeld, & Arcavi, 1993; Schoenfeld et al., 1993). From this research we know
that conceptual competence in the domain of linear functions includes much more
than knowing procedures; it involves understanding the connections between repre-
sentations (e.g., the graphical and algebraic representations).
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One student conception documented in this domain (Goldenberg, 1988;
Moschkovich, 1992a, 1992b, 1996, 1998, 1999; Schoenfeld et al., 1993) is that the
x-intercept is relevant for equations of the form y = mx + b; that is, it should appear
in the equation, either in the place of m or in the place of b. In a case study,
Schoenfeld et al. (1993) referred to this conception as a three-slot schema for
equations of the form y = mx + b and described a student who searched for three
pieces—the slope, the y-intercept, and the x-intercept—to generate equations of
this form. Goldenberg (1988) noted that some students described lines as moving
to the right or to the left as a result of changing the b in an equation of this form.
Students have also been observed using this conception in classroom settings
(Moschkovich, 1992a, 1992b) and during discussion sessions with a peer
(Moschkovich, 1996, 1998, 1999).

Moschkovich (1992a, 1992b, 1996, 1998, 1999) corroborated and extended
previous case studies (Goldenberg, 1988; Schoenfeld et al., 1993) that docu-
mented students’ use of a horizontal translation conception. This work showed that
a focus on the x-intercept or on horizontal translation when using the form y = mx +
b is not a superficial mistake but reflects an underlying robust conception. The ver-
tical and horizontal translation conceptions that we describe in this study have thus
been shown to be important student conceptions in the domain of linear functions.

Conceptual Change

Research on student conceptions has only recently begun to adequately describe
how students’ conceptions change (Moschkovich, 1998, 1999; Smith et al., 1993).
Analyses of student responses to paper-and-pencil tasks have shown that student
errors are not random (e.g., Brown & VanLehn, 1980) and have suggested that stu-
dents’ errors are associated with erroneous strategies. Misconceptions research has
described how these conceptions interfere with learning. Both lines of research
have focused on documenting erroneous student strategies and conceptions, rather
than on how student strategies and conceptions might have developed in response
to instruction, how these are refined, or how these might be useful in learning.

In contrast, studies that include students’ explanations as well as their written
work show that the strategies, conceptions, written representations, and systems of
calculation that students generate may be as valid and useful as more traditional rep-
resentations (Confrey, 1991; Moschkovich, 1992a, 1992b, 1996, 1998, 1999;
Schoenfeld et al., 1993). However, viewing student conceptions as simply “alterna-
tive” does not address how these conceptions change. In their synthesis and critique
of research on misconceptions, Smith et al. (1993) recommended analyses that char-
acterizeconceptual change in termsof howaconceptionchangesgraduallyandhow
it is productive in the learning process. We present this case study as one example of
suchananalysis (forotherexamples in thisdomainseeMoschkovich,1998,1999).

LEARNING TO GRAPH LINEAR FUNCTIONS 221



The perspective on conceptual change used in this study addresses several rec-
ommendations made by Smith et al. (1993). Rather than seeing student conceptions
merely as right or wrong, regardless of context, they suggested that conceptions
should be understood in terms of their productivity and characterized in terms of the
contexts in which students use these conceptions. They also recommended analyses
that characterize how a conception changes gradually. Following this framework,
the analysis of conceptual change described here considers how conceptions and
strategies are applied in different contexts and how they are refined.

Conceptual change is assumed to be a constructive process that involves a dia-
lectical relation between individual and social aspects of knowing and learning, in-
cluding language (Walkerdine & Sinha, 1978). Although this study does not
include a discussion of the relation between conceptions and language, we assume
that knowledge construction is mediated by symbol systems including language
(Lucy & Wertsch, 1987; Vygotsky, 1974, 1978, 1987).

We see conceptual change as occurring in multiple ways. New conceptions can
be added, conceptions can be connected in different ways, one conception can
change, or the relation among several conceptions can change. Conceptual change
can occur when students relate multiple conceptions through integration (linking
concordant ideas together) or differentiation (identifying the differences between
related ideas; Hewson & Hewson, 1984). For example, multiplication and addition
can be learned separately, but they can also be integrated through understanding
multiplication as a series of repeated additions (e.g., 3 × 5 = 5 + 5 + 5). An example
of differentiation is learning that division involving zero yields different types of
results: 0/4 = 0 and 4/0 is undefined.

Accounts of conceptual change have emphasized how one (wrong) conception is
replaced by another (right) one. In replacement, the student encounters the inadequa-
cies of the current conception and turns to a more productive conception (Brophy,
1986; Hawkins, Apelman, Colton, & Flexner, 1982; Strike & Posner, 1985). For ex-
ample, Ploetzner and VanLehn (1997) wrote of students “dropping an impetus force”
(p. 185); that is, dropping the belief in an impetus force. In contrast, in refinement, the
student is described as retaining an initial conception, modifying it, refining it, or
building on it (Moschkovich, 1998, 1999; Smith et al., 1993). For example, students
can refine their conception that multiplication makes larger by noting that it is true (for
real numbers) when one factor is larger than 1 and the other is positive. If we assume
that conceptions can be replaced but not refined, students would instead be described
as altogether dropping the belief that multiplication makes larger.

We are not claiming that conceptual change occurs either through replacement
or refinement. Instead, we assume that conceptual change may occur through both
processes and we explore in more detail how conceptual change actually does hap-
pen through refinement. This analysis of how one conception and its associated
strategies evolved is offered as an instance of how conceptual change occurred
through refinement.
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METHOD

This study was part of a larger research project exploring learning and tutoring in
the domain of linear functions. We report on 6 hr of videotape involving an
eighth-grade student and a tutor working through a curriculum dealing with linear
functions and their graphs. The student–tutor pair discussed here was one of four
pairs in a larger study of tutoring and learning conducted by the Functions Research
Group at the University of California at Berkeley.1

The student, Paul, was an eighth-grade algebra student with no prior exposure
to functions in his mathematics classes. According to his teacher, Paul was an av-
erage student. The tutor, who we call Bluma, was a mathematician and member of
the Functions Research Group. Bluma did little didactic teaching; instead, she
probed the student’s understanding, occasionally intervening with leading ques-
tions aimed at directing his attention to contradictions in his work (Schoenfeld et
al., 1992). Six tutoring sessions, each 1 hr in length, were conducted over a period
of 6 weeks in a laboratory setting. Paul had continual access to in-house software
called GRAPHER (Schoenfeld, 1990), which allowed him to manipulate algebraic
and graphical representations of functions.

The curriculum consisted of a series of exploratory activities with little exposi-
tory text.2 These activities were organized into five units that were framed by an
investigation of slope and y-intercept in the y = mx + b form of linear equations (see
Table 1). The emphasis was on developing connected conceptual rather than pro-
cedural knowledge. For example, one goal of the curriculum was to facilitate the
development of deep connections among various representations of linear func-
tions, including tables, equations, and graphs.

The approach to y-intercept is of particular importance to this study. Roughly
one fifth of the curriculum (25 activities) was designed to support student con-
struction of the vertical counting conception and related strategies for locating
y-intercepts or graphing equations. Although these strategies were not presented
explicitly in the text of the curriculum, the writers designed tasks to support their
development. The curriculum and the tutoring were flexible and informal enough
to allow students to generate their own strategies.

All the tasks of Unit 1 were paper-and-pencil activities that used a 10 × 10 grid
with a set of axes. The first four activities concerned point plotting, the next eight
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ysis of the origin and evolution of strategies.

2This curriculum was developed by A. Arcavi, M. Gamoran, J. Moschkovich, and C. Yang, and it
drew on materials designed by various people in the Functions Group including S. Magidson.



concerned graphs of lines and focused on the relation between x- and y-coordi-
nates, and the final six focused on using an equation to create a table of values that
were then graphed. At the beginning of Unit 2, Paul spent about 1 hr on the
Starburst task (described in Magidson, 1992; Moschkovich et al., 1993), an activ-
ity in which he explored how changing m in y = mx affects its graph. This task asks
students to use GRAPHER to duplicate the picture of a “starburst” of lines passing
through the origin of a 10 × 10 grid. It is convenient to use the edges of the grid,
particularly those in Quadrant I, to locate the lines. Stevens (1991, 1992) and
Stevens and Hall (1998) suggested that this activity helped to make these edges sa-
lient to Paul and that this salience in part explains why Paul initially used points in
the upper right of the grid as starting points in horizontal counting.

Analysis

Data analysis involved triangulation through complementary methods (Guba &
Lincoln, 1985). We relied primarily on two methods: sequential analysis (Bakeman
& Gottman, 1986) and microgenetic analysis in the spirit of Schoenfeld et al.
(1993), Chiu (1996), and Moschkovich (1996, 1998,1999). Working hypotheses
developed during the initial analysis of the videotapes were refined through further
microgenetic analysis and corroborated through sequential analysis. The central ar-
guments of this study were thus developed through the constant comparative
method (Glaser & Strauss, 1967).

We focused on segments in which y-intercept played a prominent role, tracing
the change in Paul’s strategies through selected y-intercept episodes. We selected
y-intercept (vs. other candidates; e.g., slope) for several reasons. First, the episodes
involving y-intercept clearly showed the evolution of a strategy over time (in a rea-
sonably small number of episodes). Second, Paul generated interesting strategies
for two types of tasks involving y-intercept: graphing equations involving a
change in the y-intercept of a given line, and identifying the equation of a graphed
line given the graph and equation of a parallel line. Finally, alternative conceptions
of how lines move as a result of changing b in y = mx + b and alternative strategies
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TABLE 1
Overview of the Curriculum

Unit Content Description Episodes Tasks

1 Prerequisites (e.g., plotting points)
2 Introduction to slope and y-intercept 1 and 2 2.12 and 2.14
3 Slope
4 y-intercept 3, 4, and 5 4.2, 4.3, and 4.4
5 Connecting slope with x- and y-intercepts



for generating the y-intercept had been identified in previous studies
(Moschkovich, 1996, 1998, 1999).

We analyzed the videotapes of the tutoring sessions to document the existence
of specific strategies and associated conceptions, to explore the nature of these
strategies and conceptions, and to track changes in them. Next, we documented
Paul’s use of strategies through sequential analysis and analysis of his talk about
strategies—his metastrategy talk.

Sequential analysis. For the purposes of this analysis, we defined strategies
and actions as follows. An action is a sequence of words, motions, or drawings
(e.g., plot point) bracketed by pauses that provide new information (not necessarily
correct) to extend the problem space (Chiu, 2000). If a sequence of one or more ac-
tions yields an answer to a problem, that sequence is a candidate for a strategy. A
simple strategy consists of a single action and a complex strategy consists of multi-
ple actions. If an action is part of a complex strategy, the action is called a strategy
component.

If Paul repeatedly used a sequence of actions to find an answer, that sequence is
likely to be a stable strategy. By distinguishing between recurring and chance se-
quences of actions, sequential analysis (Bakeman & Gottman, 1986) helps to iden-
tify stable, complex strategies. Given a series of actions, sequential analysis
identifies possible strategy components—actions that are likely to be part of a
complex strategy.

In general, sequential analysis views a series of data as transitions between dif-
ferent states. In this case, a state is a type of action by Paul. The probability of a
given action A at time T can be a function of a previous action B that occurred at
time T – 1. This probability, the probability of action A following action B, is
known as the transition probability for the pair (B, A). Allison and Liker’s (1982) z
tests whether the transition probability for each pair of adjacent actions is signifi-
cant. If the transition probability for a pair is significant, then the adjacent actions
are called sequential pairs, and each action is likely to be a strategy component.

The probability that an action occurs at time T may also be a function of a se-
quence of k actions rather than just one action. If each adjacent pair in a sequence
of actions is a sequential pair, the sequence of actions is called a kth-order Markov
chain. We created Markov chains of actions and tested the significance of the tran-
sition probabilities for the adjacent actions in each chain. If an nth-order Markov
chain of strategy components had significant transition probabilities, it was likely
to be a complex strategy with n actions. Other sequences of actions were likely to
be coincidental.

In short, the analysis proceeded as follows. First, we identified different types
of problem-solving actions. Then, we tested the transition probabilities of each
pair of actions to identify which actions were strategy components. Next, we tested
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progressively higher order Markov chains (doubles, triples, etc.) to identify com-
plex strategies. All of Paul’s actions in the y-intercept tasks served as the data set
for the sequential analyses. For the purposes of this analysis, the 25 y-intercept ac-
tivities consisted of 50 subtasks.

Paul’s metastrategy talk. Paul’s talk about his problem-solving strategies
provides construct validity for our sequential analysis results. During the
microgenetic analysis, we examined his talk about his strategies’ properties or his
metastrategy talk. Metastrategy knowledge can include the likelihood of the strat-
egy’s success, its range of application, ease of use, precision, consistency with
other knowledge, or ease of explanation to different audiences. If Paul talked about
a set of actions as a strategy, his talk provided further evidence that the set of actions
in fact constitutes a strategy. In addition to Paul’s talk, his written work, gazes, ges-
tures, and facial expressions also provided evidence for or against claims that he
used specific strategies.

Results

Paul’s strategy use. We identified several different problem-solving ac-
tions. Table 2 lists all problem-solving actions that Paul used while working on the
50 subtasks involving y-intercept. An action that occurs alone and yields an answer,
such as other arithmetic, was a candidate for a simple strategy. Other actions, such
as connect dots, rarely occurred alone. These latter actions were candidates for
strategy components.

Next, we tested whether each action was a strategy component by testing for se-
quential pairs (see Table 3). Paul used eight sequential pairs consisting of nine possi-
ble strategycomponents.Table3alsoshows thatPaulusedeachstrategycomponent
out of sequence at least once. So, these strategy components were relatively inde-
pendent of one another.

We also tested Markov chains of strategy components to identify complex strat-
egies (see Table 4). The first strategy of Table 4 is to calculate an answer and then
graph the equation with the computer. The second and third strategies are the hori-
zontal counting and vertical counting strategies discussed in the introduction and
theoretical sections. Like the computer graphing in the first strategy, Paul counted
vertical dots in the third strategy to verify an answer. Finally, the fourth strategy is
a standard textbook procedure for graphing an equation.

In short, the sequential analysis provided evidence that Paul used four major
complex strategies to solve the y-intercept problems. Other sequences of prob-
lem-solving actions are likely to be coincidental.

Paul’s metastrategy talk provided additional evidence that he considered par-
ticular sequences of actions as single entities. In these comments, Paul discussed
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TABLE 3
Identifying Strategy Components Using Transition Probabilities (in %) From One Action

(Row) to Another (Column)a

No. Actions 1 2 3 4 5 6 7 8 9 10 11

1. Answer
only/estimate

0 0 0 0 0 0 0 0 6 0 0

2. Plot point 0 0 47** 0 0 0 0 0 29** 0 0
3. Substitute into

equation
0 94** 0 0 0 0 0 0 0 0 0

4. Computer graph 0 0 0 0 0 0 0 0 0 0 0
5. Reference line 0 0 0 0 0 67** 11 0 0 0 0
6. Count dots

horizontally
0 0 0 0 0 0 22 67** 0 0 0

7. Count dots
vertically

11 0 22 11 11 0 0 33* 11 0 11

8. Draw parallel
line

0 0 22 0 0 0 33* 0 0 0 0

9. Connect dots
with a line

0 13 0 0 0 0 0 0 0 0 0

10. Other
arithmetic

0 0 0 75** 0 0 0 0 0 0 0

Other 0 0 0 0 10 0 0 0 0 10 0

aSee the Appendix for transition probabilities with their Alison and Liker’s (1982) z scores.
*p < .01. **p < .001.

TABLE 2
Frequencies of Actions Used by Paul During Tasks Involving y-Intercept

No. Actions Occurrences

1. Answer only/estimate 17
2. Plot points 17
3. Substitute numbers into an equation 16
4. Graph using computer program 12
5. Draw reference line 9
6. Count dots horizontally 9
7. Count dots vertically 9
8. Draw parallel line 9
9. Connect dots 8
10. Other arithmetic 4
Othera 10
Total actions 120

aActions that Paul only used once, such as using y-axis symmetry to draw a new line, accumulate in
this category.



the likelihood that a particular strategy would successfully solve the problem (in
Tasks3 4.3, 4.4, and 4.8). For example, he said, “You can always do it that way,”
after completing Task 4.8. He also specified a strategy’s range of application
and use conditions (in Tasks 2.13, 2.15, 4.1, 4.3, and 4.4). Moreover, he evalu-
ated both a strategy’s ease of implementation (in Tasks 3.7, 4.2, 4.3, and 4.4)
and its underlying explanations (in Tasks 2.15, 3.8, 4.3 [on two strategies], and
4.10). We discuss Paul’s metastrategy comments in greater detail in the later
analyses of Tasks 4.2a, 4.2b, 4.3, and 4.4. Paul’s metastrategy comments clus-
tered around a few tasks in the middle of the y-intercept activities. Eight of them
occurred in five activities of Unit 4 (1e, 2a, 2b, 3, and 4). All of Paul’s
metastrategy comments occurred after he had successfully solved a problem,
never after a failure.

Table 5 provides an overview of Paul’s problem solving. Paul’s methods for
solving the y-intercept problems were successful 80% of the time (48/60). He
eventually answered 48 of the 50 subtasks correctly with the tutor’s assistance.4

The major strategies shown in Table 4 along with answer only and computer
graphing accounted for 72% of Paul’s 60 solution attempts.
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TABLE 4
Identifying Complex Strategies by Using Allison and Liker’s (1982) z scores

No. Actions 2nd Action 3rd Action 4th Action 5th Action

1. Other arithmetic
Graph with computer 4.41***

2. Count dots vertically
Draw parallel line 3.06**

3. Draw reference line
Count dots horizontally 7.01***
Draw parallel line 4.72*** 8.89***
Count dots vertically 3.33*** 3.06** 2.42*

4. Substitute into equation
Plot point 9.81***
Substitute into equation 4.42*** 4.63***
Plot point 9.81*** 4.20*** 4.41***
Connect points with a line 4.06*** 4.23*** 3.01** 3.16**

*p < .05. **p < .01. *** p < .001.

3The tasks are numbered by their order in the curriculum units. For example, Task 4.3 is the third task
of Unit 4.

4Of the solution methods listed, counting dots horizontally had the highest failure rate, 33% (contrib-
uting to three incorrect answers out of nine uses). No other action or sequence of actions contributed to
more than two incorrect answers.



Microgenetic analysis of changes in Paul’s strategies and
conceptions. The results of the sequential and metastrategy talk analyses
described earlier document the existence of four main strategies to solve
y-intercept tasks during the five units of the curriculum. However, the curric-
ulum was designed to support only three of these four strategies—horizontal
counting was not intended as a goal of the curriculum. In the following sec-
tion, we describe how two of those strategies, horizontal counting and verti-
cal counting, emerged and evolved. These strategies evolved together with
the two conceptions described earlier: the horizontal translation conception
(that a change in b of the equation y = mx + b translates the graph of the cor-
responding line horizontally) and the vertical translation conception (that a
change in b of the equation y = mx + b translates the graph of the correspond-
ing line vertically).

Using transcripts from the videotapes (see Table 1 for their sequence and lo-
cation in the curriculum), we show how Paul generated a strategy for finding the
y-intercept of a line that can be associated with the horizontal translation con-
ception. Paul generated this strategy early in the sessions and continued to use
strategies associated with horizontal translation despite the curriculum’s and the
tutor’s emphasis on the vertical counting strategy. Paul repeatedly used strate-
gies that reflect both horizontal and vertical translation conceptions in different
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TABLE 5
Paul’s Solution Attempts and Success Rate in y-Intercept Tasks Using His Major Strategies

No. Solution Methods Uses Success Rate (%)

1. Answer only/estimate 17 88
2. Graph with computer only 7 100
3. Other arithmetic

Graph with computer 3 100
4. Count dots vertically

Draw parallel line 3 66
5. Draw reference line

Count dots horizontally
Draw parallel line 3a 66
Count dots vertically 3b 100

6. Substitute values into equation
Plot point 3c 100
Substitute values into equation
Plot point
Connect points with a line 4d 100

7. Other sequences of these actions 13 54
8. Other 4 50

Total solution attempts 60 80

aFirst three only. bAll four. cFirst two only. dAll five.



problems. Thus, Paul did not simply replace one conception with another. He re-
fined his horizontal translation conception by specifying the task contexts in
which it was and was not applicable and revising it to apply to new task con-
texts.

Illustrations of the two strategies, horizontal counting and vertical counting,
were presented earlier. Although the vertical counting strategy is a standard text-
book approach, the horizontal translation conception associated with horizontal
counting strategies has been documented to be stable, robust, and widespread
(Goldenberg, 1988; Moschkovich, 1992a, 1992b, 1996, 1998, 1999; Schoenfeld et
al., 1993). Paul used several variations of horizontal counting. He started counting:
(a) from the endpoint of the segment of a line of the form y = mx that appeared on
the grid, (b) from another point on that segment in Quadrant I, or (c) from the ori-
gin. We refer to all of these variations as horizontal counting. Our data suggest that
Paul’s horizontal translation conception was associated with all of these related
strategies.

This analysis is framed by the assumption that conceptions and strategies are
integrally related to and dependent on social context and available material re-
sources. The nature of the interactions with the tutor and the materials available
to the student facilitated his use of horizontal counting. Although the tutor intro-
duced vertical counting, she did not discourage the student’s use of horizontal
counting and supported his exploration of this strategy. The choice and sequenc-
ing of problems also played a role in the emergence and support for horizontal
counting. Stevens and Hall (1998) explained the origin and evolution of these
strategies as a combined effect of the student’s emerging understanding of the
tasks, the tutor’s attempts to “discipline his perception,” and particular features
of the visual task environment, such as a grid. The value of the slope in a
problem, the presence of a grid, and the presence of the line y = x were also
important aspects of the task context that contributed to this strategy. The value
of the slope in the problems was critical because Paul’s initial horizontal
counting strategy only succeeds for lines of slope 1. Paul could use the grid
points to count 4 units horizontally from any point on the graph of y = x (see
Figure 1). In contrast, when no grid points were given and the units on the axes
were labeled, it was easier to count along the axes as when counting vertically.

Episode 1: First use of horizontal counting. During Unit 2, Paul was
asked to graph the equations y = x + 10 and y = x – 10 by hand, compare the graphs
with ones produced by the computer, and draw inferences from the graphs. The fol-
lowing transcript excerpt, along with Paul’s work (Figure 4), shows Paul’s first use
of horizontal counting.
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Transcript Commentary

Paul: [Reads the question, draws
the line y = x] Eight, nine,
ten. [Penbounces leftward,
leaving visible marks at the
points (7, 8), (6, 8), (5, 8),
(4, 8), (3, 8), (2, 8) (1,8), (0,
8), (–1, 8), and (–2, 8).
Starts from point (0, 10),
and draws a line parallel to
y = x, stopping at (–10,0).] I
got it.

Paul was counting horizontally to find
the liney=x+10.Hefirst drewthe refer-
ence liney=x.Next,hecountedfromthe
point (8, 8) on the line y = x and moved to
the left 10 units, reaching the point
(–2,8). Then, he drew a line parallel to y
= x through the point (–2, 8).

Bluma: I think you should label the
graphs. It would be kind of
helpful.

Paul: Here? Just write y = x + 10?

Bluma: Yeah.
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Paul correctly graphed the first equation of the task, y = x + 10, using horizontal
counting. (He appeared to use symmetry to graph the second equation, y = x – 10,
for he correctly graphed it with no auxiliary other than the graphs of y = x + 10 and
y = x.) Because the horizontal distance between lines with a slope of 1 is equal to
the vertical distance, this strategy works whenever m = 1. Due to the limited appli-
cability of this strategy, we might expect Paul to experience trouble when m was
not 1. This in fact happened in Episode 2.

Episode 2: Guidance in vertical counting. Paul continued to use hori-
zontal counting to graph y = x + 4 in the task immediately following Episode 1.
A later task asked Paul to find the equation of the line y = 2x + 6, given its graph
and the graph and equation of y = 2x (see Figure 5). Instead of using horizontal
counting, as he had done on the previous problems, he noticed that the point (4,
8) lay on the graph of y = 2x, and that there was a relation between the coordi-
nates, namely that 4 × 2 = 8. He then said that because (1, 8) lay on the target
line and 1 × 8 = 8, then the equation for the line must be y = 8x. At this point,
the tutor suggested that he substitute points that lay on the line in question into
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the equation y = 8x. As he did this, Paul was soon convinced that y = 8x was not
the correct equation for the line.

In a second attempt to determine the equation for y = 2x + 6, Paul once again
used the initial version of the horizontal counting strategy. He first drew the refer-
ence line y = x, counted 8 spaces horizontally to the target line, and suggested y = x
+ 8 as the equation. Again, after substituting ordered pairs, Paul rejected this sec-
ond equation as well. After Paul’s two attempts, the tutor drew his attention to the
vertical distance between the two lines, pointing toward vertical counting. The fol-
lowing excerpt shows how Paul used Bluma’s suggestion to generate a vertical
counting strategy.

Transcript Commentary

Bluma: Yeah. OK, so how far away
are these lines from each
other?

Tutor tried to focus Paul’s attention on
the distance between the two lines.

Paul: Two dots. Paul focused on the horizontal distance.

Bluma: So that’s one way of look-
ing at it. Another way is
looking straight up.
[Bluma moves her hand up
along the y-axis.]

Tutor accepted the use of the horizontal
distance and introduced the vertical dis-
tance.

Paul: Oh, I guess. There’s 6 up.
[pause] So y equals 6 times
x? I don’t know.

Paul counted the vertical distance and
proposed that the equation is y = 6x.

Bluma: But you know what y
equals 6 times x looks like,
right?

Tutor asked Paul to consider the graph
of y = 6x as a check on his guess.

Paul: It goes through the origin
[traces the line with hand].
[Pause] y = 6 + x? None of
these work.

Paul realized that y = 6x goes though the
origin and then proposed that the equa-
tion is y = 6 + x.

Bluma: So you know what y = 6 + x
looks like too, right?

Tutor referred to the graph of y = 6 + x.

Paul: Hmm, yeah [sounds tenta-
tive; does not trace this
line].

Bluma: ’Cause that’s just what we
did. What does that 6 do?

Tutor asked what the 6 does to the
graph.

Paul: It’s added to the x. Paul explained what the 6 does in the
equation.
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Bluma: So what does it do to the
graph?

Tutor again asked what the 6 does to the
graph.

Paul: Makes it move to the upper
left. So, this is plus some-
thing.

Paul answered that it moves the graph to
the upper left.

Bluma: Yeah, and it’s what plus
something?

Paul: 6 plus something.

Bluma: OK.

Paul: So it’s 6 + x?

Bluma: What does 6 + x look like?
Try it out.

Tutor suggested Paul graph the equa-
tion y = 6 + x.

Up to this point, the tutor tried to direct Paul toward vertical counting. Although
Paul successfully counted the vertical distance, he did not place the number 6 in
the b slot of the equation. Paul finally generated the equation y = 6 + x but did not
seem sure of what that line would look like. They moved on to graphing the equa-
tion y = 6 + x on the computer.

Transcript Commentary

Paul: [Graphs y = 6 + x on com-
puter.] No.

Paul recognized that y = 6 + x is not the
correct line.

Bluma: What’s wrong with it?

Paul: It’s too high. Paul proposed that this line is too high.

Bluma: It’s too high?

Paul: Well that’s the same, but it
slants the wrong angle.

Paul proposed that the y-intercept is the
same as the line he was trying to match
but that its slant was wrong.

Bluma: Yeah, so how do you make
it slant differently?

Tutor prompted for adjustment to
“slant.”

Paul: Umm, [pauses, mutters,
tries y = 2x + 6]. You know
what? That looks right.

Paul graphed the equation y = 2x + 6 and
said it matches the target line.

Bluma: It does, doesn’t it.

Paul: Wow!

Bluma: Why did you have the idea
to put the 2 in there?

Tutor asked why Paul chose 2 for m.
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Paul: Well, this one [points to y =
x + 6] was too high. 2x
plus, hmm, the 2 makes it
…, hmm, I really don’t
know.

Paul unsuccessfully tried to explain
how he generated 2x.

Now Paul generated the correct slope for the equation, but he did not yet pro-
vide an explanation of either his method or the reason 2x generated the right line.

Transcript Commentary

Bluma: Well, you kind of know
what the things in front of
the x make it do, right? Be-
cause you told me.

Tutor asked for an explanation of the ef-
fect of m.

Paul: Yeah, they make it, yeah.
Huh. [Pause.] Oh! [ex-
cited]. That’s what makes
it slant at this angle! With-
out the 6, it would go
straight through the origin,
and it would end up down
here [points to an area at
the bottom of Quadrant III,
closer to the y-axis than the
current line]. But with the
6, it has the angle that
makes it plus 6 from the y =
x, which makes it slant that
way. So it works.

Paul explained that m controls the slant
and the 6 makes the line not go through
the origin.

Bluma: Uh huh.

Paul arrived at the equation y = 2x + 6 by using several pieces of what he knew
about m and b in y = mx + b, namely that the number for m controls the slant of the
line, and that the number for b moves the line away from the origin. The tutor di-
rected Paul toward vertical counting several times. Paul generated the correct
number for b by counting vertically and thus he experienced success with vertical
counting. Afterward, Paul could have continued to use vertical counting and drop
horizontal counting because it did not work, suggesting that the vertical translation
conception had replaced the horizontal translation conception. Instead, Episode 3
describes a different trajectory for the horizontal translation conception.

LEARNING TO GRAPH LINEAR FUNCTIONS 235



Episode 3: Maintaining horizontal translation. Two weeks after Episode
2, Paul was asked to graph y = x + 3, given the graph of the line y = x (see Figure 6). In
doing this task, Paul (a) used and refined horizontal counting, (b) critiqued the range
ofapplicabilityofhorizontalcounting,and(c)continuedtouseverticalcounting.

Transcript Commentary

Paul: [Reads question.] Oh that’s
easy. one, two, three. [Starting
at (9,9),penbounces leftward,
marking (8, 9), (7, 9), (6, 9) in
cadence with his counting.
Then, he draws the line y = x +
3.] That’s the way I figure it
out. I figure out how to count
it. You just count the dots in
between.

Paul used horizontal counting to lo-
cate the line y = x + 3 by counting from
the point (9, 9). Then, he explained
that he counted the units between the
line y = x and the target line.

Bluma: The dots in between the sides?

Paul: Let’s say this is the line
[points to y = x]. That’s why I
always draw y equals x in the
middle. Then I can say one,
two, three [finger bounces
leftward approximately (2, 3)
to (1, 3) to (0, 3)].
That’s on the line [finger
traces the line y = x + 3]. One,
two, three [this time starting at
(–2, –2), finger bounces left-
ward approximately (–3, –2)
to (–4, –2) to (–5, –2)]. That’s
on the line [finger traces the
line y = x + 3].

Paul described horizontal counting.

Paul counted horizontally from the
point (3, 3).

Paul counted horizontally from the
point (–2, –2).

In the preceding excerpt, Paul elaborated how he used horizontal counting to
find a line. In Episode 1, Paul used horizontal counting by starting from a particu-
lar point on the line y = x, the point (8, 8). Here, he started counting from several
different points on y = x. The starting point can vary as the horizontal movement
remains a central part of the strategy. Moreover, the units that Paul counts to the
left are the same, regardless of what the starting point is. This provides evidence
that the general horizontal translation conception underlies horizontal counting.

In the next excerpt, Paul continued to demonstrate his flexible use of this strat-
egy by creating and then solving a new problem.
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Transcript Commentary

Paul: Like if it was y + 7 [presum-
ably means y = x + 7]. One,
two, three, four, five, six,
seven [finger bounces left-
ward approximately (–3,
–2) to (–4, –2) to (–5, –2) to
(–6, –2) to (–7, –2) to (–8,
–2) to (–9, –2)] and since I
knowit’son the sameslant,
it would be like that [finger
traces the line y = x + 7].
That’s why it’s easy. If it
were on a different slant it
would be slightly harder.

Paul created the problem of finding the
line y = x + 7. Starting at the point (–2,
–2), he used horizontal counting to
graph the line.

Paul proposed that horizontal counting
is more difficult when graphing a line
with slope not equal to 1.

After Paul successfully graphed the line y = x + 7, he suggested that the “slant”
(presumably a slope of 1) was an important application condition for horizontal
counting. In the final excerpt, Paul invoked the standard vertical counting strategy.
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Transcript Commentary

Paul: Oh, I’ve also got this other
way to figure it out. You
can count this [points at the
origin]. One, two, three
[pen bounces vertically up-
ward, marking (0, 1), (0, 2)
and (0, 3)]. One, two, three
[pen bounces leftward,
marking (–1, 0), (–2, 0) and
(–3, 0)]. And seven is one,
two, three, four, five, six,
seven [pen bounces up-
ward, (0, 1), (0, 2), (0, 3),
(0, 4), (0, 5), (0, 6), (0, 7);
draws y = x + 7]. So there’s
a fewways tofigure itout.

Paul described how to use vertical
counting tography=x+3andy=x+7.

This episode shows that after being exposed to vertical counting, Paul did not
abandon horizontal counting. On the contrary, he not only maintained it but re-
fined it in two ways: using different starting points and specifying an application
context in which it would be more difficult to implement, namely lines with differ-
ent slants (i.e., slopes other than 1). At the same time, Paul also invoked the verti-
cal translation conception for the first time by using vertical counting without a
prompt from the tutor. Next, Paul compared the two strategies.

Episode 4: Comparing two strategies. In this episode, Paul compared
horizontal and vertical counting, evaluating how easy it was to use each strategy,
how well he understood each strategy, and when each strategy could be applied.
The task required that Paul find the equation of a line (y = x + 5) given the graph of y
= x (see Figure 7).

Transcript Commentary

Paul: [Reads question] Oh, it’s not
very straight. [Pen bounces
leftward, marking (6, 7), (5,
7), (4, 7), (3, 7), (2, 7); writes
“y = x + 5” on the worksheet;
graphs y = x + 5 on the com-
puter;penbouncesleftward,

Paul used horizontal counting to graph y
= x + 5 starting from the point (7, 7).

238 CHIU, KESSEL, MOSCHKOVICH, MUÑOZ-NUÑEZ



marking (6, 7), (5, 7), (4,
7), (3, 7), (2, 7).]
One two three four. Yes,
that’s always right. Well,
I’ll try counting them this
way, that’s a little bit
harder way to count them.
[Pen bounces upward: (0,
1), (0, 2), (0, 3), (0, 4), (0,
5).]

Paul now used vertical counting to
graph y = x + 5, saying that horizontal
counting was slightly more difficult.
(His statement here was difficult to in-
terpret and was clarified later.)

That’s [points to first
quadrant, presumably re-
ferring to his aforemen-
tioned horizontal count-
ing] a little bit harder way
to count them.

Bluma: Which way is a harder way
to count?

Tutor asked for a clarification.
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Paul: I think this way [horizon-
tal] is harder because you
get more confused. [Pen
bounces leftward: (6, 7),
(5, 7), (4, 7).] One, two,
three, but I guess it’s an
easier way to think about it
because you’re thinking
they should be five apart
[pen moves horizontally in
Quadrant I from one line to
the other back and forth]
but then this [moves pen
up and down from origin to
y = x + 5], they’re five apart
too [vertically] because
you know y x [presumably
referring to y = x] goes
through the [pen points at
the origin].

Paul compared the two strategies, pro-
posing that horizontal counting was
more difficult.

Paul initially said that horizontal count-
ing was easier to understand because
the lines were 5 units apart horizontally,
then noted that the lines were also 5
units apart vertically.

Bluma: It’s called the origin.

Paul: Origin. And then, then this
way it’s going to be five
apart [pen moves up and
down]. That’s just the way,
a little bit easier way to
count it. That’s the same
way across I was doing it
[pen moves left and right,
back and forth] but since
it’s along this line [points
to y-axis], it’s a little bit
easier.

Paul proposed that vertical counting
was easier because he counted along the
y-axis.

Paul commented that horizontal counting was a “little bit harder way to count”
because when you count vertically, you are counting “along the line,” presumably
the y-axis, as opposed to counting along dots on the grid. Paul claimed that both
strategies made sense because the lines were “five apart” regardless of whether the
direction was vertical or horizontal.

After finding similarities between the strategies (e.g., that both show the two
lines to be 5 units apart) as well as differences (e.g., counting vertically is easier
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because one counts along the y-axis), Paul made the most striking move of this epi-
sode. He found a context in which horizontal counting was more useful than the
standard vertical counting strategy.

Transcript Commentary

Paul: But I mean, I guess you
can’t do that [referring to
vertical counting] if it’s
way up here [draws a new
line, near y = x + 15 in the
second quadrant].

Paul proposed that vertical counting
would be more difficult to use if he were
graphing an equation such as y = x + 15
where the y-intercept is off the grid.

Bluma: Oh, ’cause, why? Just
’cause?

Paul: Oh, yeah, I know it just
goes on infinitely but since
you don’t have it on the
graph, you’d have to count
it this way [moves pen
from middle of first quad-
rant on line y = x leftward
until it reaches the left
edge of the graph], it’d be a
little harder to count the
other way.

Paul proposed that in this case horizon-
tal counting would be easier.

Paul argued that he could determine the equation of the line (approximately y =
x + 15) using his horizontal strategy, but not his vertical strategy. Paul noticed that
counting up the y-axis did not work well on the 10 × 10 grid, because (0, 15) was
off the graph, but he could easily apply horizontal counting if he started his hori-
zontal counting from a point in the first quadrant on the reference line y = x, and
counted 15 units to the left.

Episode 5: Revising horizontal counting. In this final episode, we show
how Paul approached an equation with a slope other than 1 (see Figure 8).
Rather than just counting vertically (as he did in Episode 2 when he was faced
with a slope not equal to 1), Paul modified his horizontal counting strategy in a
new way to make it applicable for cases when m = 2. This approach points to a
way that horizontal counting can be refined for more general use, so that it
would work for any value of m.
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Paul began working on this task by graphing both equations (y = 2x + 1 and y =
2x + 7) on the computer. In the following excerpt, Paul identified a common fea-
ture of the graphs.

Transcript Commentary

Paul: [Graphsy=2x+1andy=2x
+7onthecomputer.] It’sal-
ways the same thing, ’cause
you know always y = 2x,
anything like that will al-
waysgothroughtheorigin.

Paul proposed that lines of the form y =
mx always go through the origin.

Bluma: Anything like what is go-
ing through?

Paul: Like 2x, 5x, 10x, x.
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Bluma: Uh huh …

Paul: Without any plus or minus.

Bluma: Uh huh.

Paul noted that any equation with a y-intercept of zero must pass through the or-
igin. In the next excerpt, Paul used this information to draw a reference line (y =
2x) for horizontal counting.

Transcript Commentary

Paul: [Pauses.] So, I mean I could
just do that right now. It’s
the same. So I would do it
the same [draws line y = 2x
in the first quadrant]. No, I
can’t. Now why I can’t do it
that way. Because it’s a dif-
ferent slant. [Paul’s pen
bounces leftward, marking
(1,4), (0,4), (–1,4), (–2,4).]
One, two, three, four. It
doesn’t look like 7. I guess I
can’t do it that way. Oh,
well.

Paul explained that he could not use hor-
izontal counting because the line had a
different slant.

Bluma: Does it make sense to you?

Paul: Yeah, because it’s at a dif-
ferent slant.

Bluma: Uh huh, so, so why—but
the 7 sort of pops up some-
where?

Tutor drew his attention to the 7 in the
equation.

Paul: Yeah, so it still works here,
though. [Pen bounces verti-
callyupward,marking (0,1),
(0, 2), (0, 3), (0, 4), (0, 5), (0,
6), (0, 7).] Six, seven. But I
didn’t notice that until you
said it. You said it pops up
somewhere, so thenI sawit.

Paul proposed that vertical counting
worked in this context and illustrated by
counting 7 units up on the y-axis.
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Rather than accomplishing the given task, which was to write an equation for the
line halfway between the lines y = 2x + 1 and y = 2x + 7, Paul appeared to set a differ-
ent goal, namely that of verifying that y = 2x + 7 was indeed the correct equation for
one of the lines. To accomplish this goal, he first used horizontal counting, noticed
that itdidnotwork, then turned toverticalcountingafteraprompt fromthe tutor.

Paul realized that horizontal counting failed because “it’s a different slant,” that
is, the line did not have a slope of 1 as in previous problems. Through the tutor’s in-
tervention, Paul recognized the applicability of vertical counting in this case.
However, after successfully applying vertical counting, he did not move on to a
new problem as might be expected. Instead, Paul returned to the horizontal count-
ing strategy and modified it in a way that made it applicable for a line with a slope
of 2.

Transcript Commentary

Paul: It doesn’t work this way
[finger moves back and
forth along x-axis between
(–0.5, 0) and (–3.5, 0)] be-
cause that’s the way it’s
different, because it only
goes half a time each time.
[Finger bounces leftward:
(1, 6) and (–0.5, 6).] I guess
you can always get it that
way. [Pen bounces up-
ward: (0, 2) and (0, 4) along
the y- axis.] That’s a reli-
able way.

Paul proposed that horizontal counting
did not work because the line only
moved .5 unit to the left for each unit it
moved up the y-axis.

He proposed that vertical counting
might always be applicable.

Paul modified the horizontal counting strategy by noting that the horizontal dis-
tance between the two lines could be obtained by halving each step. As he put it, “it
only goes half a time each time.”

Paul’s observation is consistent with the following generalization of horizontal
counting for equations of the form y = mx + b where m is nonzero: Move –b/m units
horizontally from the origin and draw a line parallel to y = mx. This modification
suggests a way to relate the two strategies. Vertical counting is consistent with a
conception of the graph of y = mx + b as a vertical translation of y = mx, shifted b
units from the origin. Similarly, consider the x-intercept (x´, 0) of y = mx + b. Sub-
stituting the coordinates of the x-intercept into the equation y = mx + b yields 0 =
mx´ + b, and solving for x´ yields x´ = –b/m. Thus, the line y = mx + b can be thought

244 CHIU, KESSEL, MOSCHKOVICH, MUÑOZ-NUÑEZ



of as either a vertical translation of y = mx, moving b units vertically from the ori-
gin or as a horizontal translation of y = mx, moving –b/m units horizontally from
the origin. Thus, applying the general horizontal translation conception yields the
same results as applying the vertical translation conception.

For the case of m equal to 1, using this generalized strategy is equivalent to
Paul’s horizontal counting strategy. For the case of m equal to 2, this generalized
strategy is consistent with Paul’s remark about going “a half a time each time”
when graphing y = 2x + 7. Furthermore the possibility of a more general modifica-
tion of the horizontal counting strategy to counting –b/m units in any case suggests
that the horizontal translation conception and the strategies associated with it may
be more widely applicable than it first seemed in Episode 1.

Paul applied vertical counting correctly to the remaining 10 problems in the
curriculum involving y-intercepts, at first glance suggesting that he might have
abandoned horizontal counting in favor of the reliable vertical counting strategy.
On the contrary, Paul also used his horizontal counting strategy successfully while
playing a computer game at the end of the study. Although Paul relied on his de-
pendable vertical counting when needed, he continued to use horizontal counting
as well when it was applicable.

DISCUSSION

This case study analyzed the emergence and refinement of two student strategies
and associated conceptions. This study is an example not only of the resilience
of student-generated conceptions, but their potential for productive refinement.
The vertical translation conception neither erased nor replaced the student’s hor-
izontal translation conception. On the contrary, the student used both concep-
tions concurrently.

Paul generated horizontal counting in a supportive social and material environ-
ment. After solving particular problems involving the line y = x, he used available
material resources (grid dots) while interacting with a tutor who supported his use
of horizontal counting. When Paul’s horizontal counting failed to solve a problem,
the tutor helped Paul construct vertical counting. However, he did not abandon his
original strategy and replace it with the one presented in instruction. Rather than
treating the two strategies as isolated or contradictory (cf. Vinner, 1990), Paul
compared them across different problem contexts and refined his horizontal trans-
lation conception.

This case study suggests that students can refine their strategies by specifying
their contexts of applicability, extending their uses, and by making connections
among conceptions. As shown in this study, a student can refine the range of appli-
cation for a conception by specifying when it applies and when it does not, as Paul
did in Episodes 3 and 4. Paul refined his horizontal counting strategy by extending
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the original version to different starting locations on the reference line y = x.
Finally, students can refine a conception by associating it with other conceptions.
Although Paul’s original horizontal translation conception did not apply to lines
with slope 2 (as seen in Episode 2), he successfully refined this conception during
a later task (Episode 5) by connecting it to the slope of a line. When graphing an
equation of the form y = 2x + b, Paul counted b/2 units instead of counting b units.
Unlike the original horizontal counting strategy, this new horizontal counting
strategy suggests a connection between the horizontal translation conception and
Paul’s conception of slope.

This case study suggests four ways to facilitate conceptual change by support-
ing the refinement of strategies and conceptions: (a) applying them in different
tasks, (b) constructing strategies that are as general as possible, (c) comparing dif-
ferent strategies (for examples of comparisons in the case of division by fractions,
see Ma, 1999, pp. 60–64), and (d) generating criteria for evaluating strategies. By
considering new problems (including student-generated problems), students can
specify when a strategy applies and experiment with refinements to overcome par-
ticular limitations. Paul noted (in Episode 3) that he would have difficulty apply-
ing his horizontal counting strategy in hypothetical problems with different slopes
(m ≠ 1). Later, Paul refined his horizontal counting strategy and its associated con-
ceptions to apply them successfully to a problem in which m = 2. Students can also
compare multiple strategies to identify differences. When comparing his horizon-
tal and vertical counting strategies, Paul noted that only the horizontal counting
strategy applied in a hypothetical situation (Episode 4). In addition, students can
specify criteria (e.g., by comparing strategies or brainstorming) for evaluating
strategies, thereby motivating refinements in their strategies. Paul initially be-
lieved that his horizontal counting was easier to understand than his vertical count-
ing, but later (in Episode 4), he examined his work carefully and improved his
understanding of vertical counting.

Some conceptions and strategies can be refined to be as useful as “standard”
ones. In fact, horizontal translation can be considered a standard conception. It ap-
pears under the name of horizontal shift in many precalculus courses. Lines are
singular in that a nonvertical, nonhorizontal line that is a horizontal translation of
another can be also viewed as a vertical translation of the other (see Figure 1), al-
though this fact is not generally discussed, possibly because the corresponding al-
gebraic calculations are a bit messy.5

Other curves, such as conic sections and the graphs of absolute value, expo-
nential, and logarithmic functions do not have this property. (See Figure 9 for an
example of two graphs that are vertical but not horizontal translations of each
other, and two graphs that are horizontal but not vertical translations of each
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other. Note that when restricted to Quadrant I these graphs are identical to those
in Figure 1.)

Consequently, when graphs of these and other functions are a part of the curric-
ulum in, for instance, precalculus courses, horizontal translation and its connection
with the algebraic representation of curves is part of the course content. The results
of this and other studies (Goldenberg, 1988; Moschkovich, 1992a, 1992b, 1999;
Schoenfeld et al., 1993) show that when students first study lines (at least in the
computer environments described in these studies), they tend to view
nonhorizontal parallel lines as horizontal, rather than vertical translations of each
other. Instructors and curriculum designers may wish to encourage students to de-
velop and refine strategies associated with this conception rather than ignoring or
trying to eradicate them. Researchers may be reminded that student responses that
deviate from curricular and instructional expectations “can be compelling, histori-
cally supported and legitimate” (Confrey, 1991, p. 122).

Curriculum designers and teachers must also consider the role of material re-
sources and the ways in which learners may use them. Although the presence or
absence of a grid makes little difference to those already familiar with linear equa-
tions and their graphs, the grid and other material resources were of great impor-
tance to the learner in our study (see Stevens & Hall, 1998, for further discussion of
the role of the grid in Paul’s learning).

In general, teachers and students can benefit from respecting student-generated
strategies (see, e.g., Ma, 1999, pp. 138–140). In addition to refining their strategies
into successful means for solving problems, students can also learn from a strat-
egy’s inadequacies. Kamii and Livingston (1994) argued that students may learn
simply from expressing their new strategies, even if the class lacks the time or the
resources to explore each strategy in detail (for an example of an elementary class-
room scenario see Ma, 1999, pp. 13–14). Articulating a strategy can provide valu-
able feedback to the person offering the strategy. Teachers can begin creating a
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classroom culture that respects student strategies by demonstrating their own non-
standard strategies and by encouraging students to express their strategies.

The coexistence of two conceptions, horizontal translation and vertical transla-
tion, highlights the importance of allowing for multiple strategies during class-
room instruction. Because different strategies can be associated with different
conceptions, multiple strategies provide flexibility for students both in solving
problems and in comparing their conceptions in a domain. The instructional pur-
pose in supporting student-generated strategies and conceptions is not to replace
those traditionally taught in connection with particular topics, but to use both to
pursue a richer understanding of mathematics. By raising questions or building on
students’ questions about the equivalence of various strategies, teachers can use
the existence of multiple strategies to encourage students to make mathematical
connections within and across representations. Teachers can also support student
refinement by encouraging students to apply their strategies to different problems,
construct strategies that are as generally applicable as possible, compare different
strategies, and generate criteria for evaluating different strategies. Such criteria
might concern different contexts of applicability, whether different strategies
might be applied in the same context, and how strategies and conceptions differ ac-
cording to various criteria. Teachers can also ask students to find situations in
which one strategy works better than another and explain why that is the case.

Many questions remain, including how best to encourage students to articulate
and reflect on their strategies. Future studies might also explore how students inte-
grate multiple strategies or conceptions over longer periods of time.
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252 APPENDIX
Transition Probabilities From One Action (Top Row) to Another With Their Allison and Liker’s z Scores (Bottom Row)

Action 1 2 3 4 5 6 7 8 9 10 11

Answer only/ 0% 0% 0% 0% 0% 0% 0% 0% 6% –0% 0%
estimate –1.81 –1.81 –1.75 –1.48 –1.27 –1.27 –1.27 –1.27 –0.14 0.83 –1.34

Plot point 0% 0% 47% 0% 0% 0% 0% 0% 29% 0% 0%
–1.81 –1.81 4.42*** –0.61 –1.27 –1.27 –0.27 –1.27 4.06*** –0.83 –0.39

Substitute 0% 94% 0% 0% 0% 0% 0% 0% 0% 0% 0%
into equation –1.75 9.81*** –1.69 –1.43 –1.22 –1.22 –1.22 –1.22 –1.15 –0.80 –1.30

Computer 0% 0% 0% 0% 0% 0% 0% 0% 0% 0% 0%
graph –1.48 –1.48 –1.43 –1.22 –1.04 –1.04 –1.04 –1.04 –0.98 –0.68 –1.10

Reference 0% 0% 0% 0% 0% 67% 11% 0% 0% 0% 0%
line –1.27 –1.27 –1.22 –1.04 –0.89 7.01*** 0.43 –0.89 –0.83 –0.58 –0.94

Count dots 0% 0% 0% 0% 0% 0% 22% 67% 0% 0% 0%
horizontally –1.27 –1.27 –0.20 –1.04 –0.89 –0.89 1.74 7.01*** –0.83 –0.58 –0.94

Count dots 11% 0% 22% 11% 11% 0% 0% 33% 11% 0% 11%
vertically –0.27 –1.27 0.82 0.12 0.43 –0.89 –0.89 3.06** 0.56 –0.58 0.31

Draw parallel 0% 0% 22% 0% 0% 0% 33% 0% 0% 0% 0%
line –1.27 –0.27 0.82 –1.04 –0.89 –0.89 3.06** –0.89 –0.83 –0.58 –0.94

Connect dots 0% 13% 0% 0% 0% 0% 0% 0% 0% 0% 0%
with a line –1.19 –0.14 –1.15 –0.98 –0.83 –0.83 –0.83 –0.83 –0.78 –0.54 –0.88

Other 0% 0% 0% 75% 0% 0% 0% 0% 0% 0% 0%
arithmetic –0.83 –0.83 –0.80 4.41*** –0.58 –0.58 –0.58 –0.58 –0.54 –0.38 –0.61

Other 0% 0% 0% 0% 10% 0% 0% 0% 0% 10% 0%
–1.34 –1.34 –1.30 –1.10 0.31 –0.94 –0.94 –0.94 –0.88 1.23 –1.00

*p < .05. **p < .01. ***p < .001.


